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UNSTEADY HEAT CONDUCTION O F  A THIN ROD WITH A UNIFORMLY MOVING 
FUSION BOUNDARY OR A THERMALLY INSULATED BOUNDARY 

G. G. Golov 
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UDC 536.221 

A solution is obtained to [he pmbtem of unsteady heat conduction of 
a semi-infinite thin rod, thermally insulated along its generatorS, or 
a plate, with a uniformly moving fusion boundary, or a thermally in- 
sulated boundary, The results are presented of a numerical calculation 
fo~ a copper rod with various rates of motion of the boundary. 

We c o n s i d e r  a s e m i - i n f i n i t e  th in  r o d  t h e r m a l l y  i n -  
su l a t ed  a l0ng i ts  g e n e r a t o r s ,  a f in i te  p a r t ,  of length  
a ,  be ing  f r e e  f r o m  t h e r m a l  i n su la t ion  and having  t h e r -  
ma l  contac t  with the s u r r o u n d i n g  med ium.  

The fo l lowing  two condi t ions  wi l l  be e x a m i n e d  at  
the  moving  end bounda ry :  

1. The end bounda ry  is fused  by a moving  hea t  
s o u r c e  p r o c e e d i n g  a long the r o d  with ve loc i ty  u. The 
fused  m a t e r i a l  is  c a r r i e d  away.  

2. R e m o v a l  of r o d  m a t e r i a l  f r o m  the end p r o c e e d s  
with ve loc i ty  u, and t h e r e  a r e  no hea t  f luxes  at  the end. 

At the s a m e  t i m e ,  the t h e r m a l  i n su la t ion  is b r o k e n  
down at  the s a m e  r a t e ,  so tha t  the  length  of the un -  
i n su l a t ed  p a r t  r e m a i n s  cons tan t  and equal  to a. The 
hea t  f luxes  along a g e n e r a t o r  have in t ens i ty  q, c o n -  
s tan t  with t ime .  The l a s t  c o n d i t i o n e x i s t s ,  fo r  e x a m p l e ,  
in the e a s e  when the p a r t  of the r o d  s t r i p p e d  of t h e r m a l  
insu la t ion  is s u r r o u n d e d  by a h i g h - t e m p e r a t u r e  m e d i u m ,  
whi le  h e a t  t r a n s f e r  is  a c c o m p l i s h e d  by r a d i a t i o n  a c -  
co rd ing  to  the  S t e f a n - B o l t z m a n n  law. 

The hea t  conduct ion  equa t ions ,  

3T, _ a2 c?~T~ 
01: - -  ~ Ox ~ ' 

OTe: ~ O~T~ 2qa~ 
O~ = a ~ - ~ - ~  + R~, ' 

m a y  be w r i t t e n  as  f o l l o w s  in the s y s t e m  of c o o r d i n a t e s  
= x - u r  moving  a long  with the fus ion  bounda ry :  

OTt a ~ 02Tl U OT, a < ~ < m ,  ~>0;  (1) 
0~ = ~ - - ~  + 0 ~ '  

OT~ a~ o~T~ OT~ 2qa~ 
a~ = ~ P - - +  " - ~  + R--2-' 

O < ~ a ,  -r>O; (2) 

Tz (~. "0 I~=, = T~ (~. -r)1~=o = 0; (3) 

r~(~. "~)Ir = 0 .  T~(~, "~)~=o=Tf --To; (4) 

T1 (~, "~)[~=a = T~ (~, ~)I~-~, 

OT~o~ (~' "~) ~=,~= .OT~O~ (~' x) ~ - "  . (5) 

It is  a s s u m e d  tha t  a t  any c r o s s  s e c t i o n  the t e m -  
p e r a t u r e  d i f f e r e n c e  AT2(( ,  T) be tween  the s u r f a c e  and 

the ax i s  of the th in  rod  is  neg l ig ib le  in c o m p a r i s o n  
with the t e m p e r a t u r e  T2(~, 7") a t  the sec t ion .  

The d e g r e e  of a c c u r a c y  of th is  a s s u m p t i o n  m a y  be 

eva lua t ed  f r o m  the r a t i o  .h T~ ~ qR which ts e a s i l y  
T~ ~ LT2 '  

ob ta ined  f r o m  the hea t  ba l ance  equat ion  on the r o d  s u r -  
face .  

Applying  a L a p l a c e  t r a n s f o r m a t i o n  with r e s p e c t  to 
the v a r i a b l e  T to the s y s t e m  (1), (2), and the bounda ry  
and contac t  condi t ions  (4), (5), we obta in  

d~:~l(~, s) . dT1 (~, s) srt (~, s) -t- 0, (6) 
a ~ d a ~ a~ 

d*T~ (~, s) _}_ u dT~ (~, s) sT"~ (~, s} 2q (7) 

d~ d d~ a~ = sRX' 

Tl(g. s ) [~=~=0 .  T,(~. s ) lg=o=(T f - T o ) / s ,  (8) 

71(~, s) f~=~ = f=(&, s) I~=,,, 

~(~ ,  s) / dG~,  s) 1 
d~ ~=o= . (9) d ~ ~=, 

The s y s t e m  (6), (7) has  the  fo l lowing so lu t ion :  

"FI(~. s) -'= Aexp 2a~ al. I/ 4a~ . 

+ B e x p  + 4a----~ q- s , (10) 

( ,/ :t u~ ~ u__L_* 
T2(~. s ) = C e x p  -- 2a~ a~ 4a~ + , + 

( u~ ~ ] /  u ~ ) 2qa~ (11) 
+ D e x p  - -  2a-----~-l + a---S i / . 4a--~l q-s -t- s2R1------ ~ 

It  fo l lows  f r o m  b o u n d a r y  cond i t ions  (8) that  B = 0. 
Sa t i s fy ing  the b o u n d a r y  and con tac t  cond i t ions ,  we 

ob ta in  

Tt(~, S)=ff l (~ ,  s) l _  + r f  --r_____ o X 
$ $ 

\ 2a, y L a , - -  . .  -{-s~ 
1 (12) 

T,(~, s)==F2(~, s) --I + Tf - -To  x 
S S 

• exp -- exp • 

+ + s,R ' 
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where 

F~(~, s):_,qua~2R ~. exp[ U" (a--~')] 2a~ J 

[ u, Xexp -- - - ~  + s (~ -- a) s --;-~ + s + 
4a~ 

+ quat2R S exp[ ~u---~-~L 21, (a --  ,D] x 

[ X exp - -  ~ ~ -4- s (a + ~) , s 4a---~-- + s + 

-- ~ 4a----T-Fs(~--a) s 5" 

qo I . ] [  + ~ e x p  ~ ( a - - g )  exp -- 

. ~ _ V  u ~ 1 
~ + ~(~ + ~1~//~ - ] 

U~ " 1 U s / S, 
R~, 2a~ , [ a~ v 4a~ 

F,(~, s ) - - - -  2Rqua~, _ exp [U2a 2 (a--~)] X 

X e x p [ - - I V  u~ ] s "~a~ +s (a -~ )  / V - - ~ 2  +s4" 
at , 4at 

- r - ~ e x p  (a-- ~) • 

• - -~ [  --~aZ -+-s(a-{-~) s -~a2 + S-- 

R~, ( a - D  exp -- 

- ] / /s  + I V u~ ax ~ + s ( a -  ~) 

---~-~ exp 

1 V us [)]//s a~ --~-~l + s(a + - 

2qa~R~, exp - - u - ~  2za. -)exp --'~-x V 4a-'--~- 

The t rans forms  ~ (~ ,  s) and l~(~,s)  have the fol-  
lowing originals [1], respectively:  

F~ (~, O) = erf . ~ u ~ g  
2ax]/6 + 2a~ / -  

( ~--a u V~)'] 
---err 2a~]/'O + 2a~ / + 

" t t _ ~ "  

, . 2at V(') 

o,,(  :'lll, -2-~t } - -  ~ 2a11/'O ~ I l l  (14) 

F~(~, O) qa~ { ( ~. u]/-O-" 
2al l / 20 2at ! 

~- ert[ a - -~  u - - 2 +  
2alVO 211 ] 

+exp( at )|. 2alVO 2 a t  . 

The originals of the expressions 2qa~/s2RX and ([Tf - 
- T0l/s)exp(-u~/2a]) exp [ ( -1~i )  • + s~], r e -  
spectively,  will be 

2qa'~ 
R L x, (16) 

and 

Tf -- To 
2 

u ~ ' u I:C I 
[exp(--  ---~-t2 ) eric t ~ , + 21,1/; "2~ : 

2a11/------~ + 2a, ] J '  

The Laplace t ransformat ion has the following prop-  
erty: if there is an or iginalf l ( r )  for the t ransform 
F(s), then for ~'(s)/s the original may be written in 

% 

the form fs(x) = ~' fx(O)dO [1]. 
0 

Applying this to the t ransforms (12) and (13), and 
using expressions (16) and (17), we obtain, after some 
transformations,  the solution of the original equations 
(1) and (2): 

TI (~, x) - - ~  erf 
, 2at VO" 

u V O ] _  ef t (  ~ - -a  u l /~ )  
+ -2d~--al .! 2a, V----~ + 2al ] + 

+ e x p  ----~--~, err 2a~1/0 2a~ / 

2a1 ]/~3 2al J J / 

2 -- • / 

( �9 
x ~rfc ~ 2~ ' + 

T f - - T 0  erfc [ ~ ul, :x~ + 
k 21, V ~  + -~ -~  )' (18) 
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+ 
Rk ~ l 2a~1/6 + 2a~ j 

+ e x p ( - - ~ - - t  [ err ( ~ uV-~)t 
at /1_ \ 2a, V6) -2-~ ] 

"} Ts --2 To exp - - ~  X 

X erfc _ 2aTg~- - 2 ~ ( / +  

2 2a~ l/x- 2a~ ) 
(19) 

If the ini t ial  t e m p e r a t u r e  is d i f fe ren t  f r o m  ze ro ,  
then for  T~(~, 7) and T~.(~, v) we mus t  unders tand  T~(~, 
7) - T O and Tz(~, 7) - T 0, r e s p e c t i v e l y .  It is not h a r d  
to ve r i fy  that  T~(~, r) and T2(~, T ) s a t i s f y  the ini t ial  
(3), boundary  (4), and contac t  (8) condit ions.  

F o r  s t r i c t n e s s ,  we mus t  ve r i fy  whether  or  not 
T~(~, 7) and T2(~, 7) a r e  solut ions of the or ig ina l  e q u a -  
t tons  (I) and (2). 

Subst i tut ing (18) into the a p p r o p r i a t e  o r ig ina l  e q u a -  
t ion (1), we obtain 

2 2a~ I/-------~ + 2a~ / 2a~ t/-~- + - ~ a ~ / +  

at / I_ \ 2at 1/'x- -2a-~ / 

- - e f t (  a + ~  u I /~- l l l__ 
2a~r 2at ]J~ 

2a~ exp - -  2axd-----~ + 2a~ ] J- -  

~ - - a  
- - e x p  - -  2a~{----~ + dO + 

-g ( 
2a~ ~ ] \  2a~ y/-~ 2a~ ] 

-~xp  - 2~r + - ~ / ]  e ~ , V ~  + 

u  ildo_exp(_ ) 
+ 2a~ / )  

o 2 a l U 6 - -  2al ] JX 

X 2axlfO 2al .1 2aztf~) 2ax J ] X 

X 2alV(~ 2tl 1 ] '  Ci~ j 

6 - 

-- exp -- = 2a11/-~) 2a~ / J~ @ 0. (20) 

If the solution TI( ~, 7) obtained satisfies the cor- 

responding equation (I), then the equality (20) must 

be fulfilled identically for any T > 0, ~ > 0. 
Denoting the left part in (20) by ~(~, T), and d K- 

ferentiating it with respect to r, we sha!1 check the 

existence of the identity 

ao(~, ~) =_0, i e o(~,~)---f(~) (21) 
a t  

The identi ty (21) mus t  be sa t i s f i ed  for  any 7 >> O, 
> a ,  But for  any ~ > a in (21) we have [see (20)] 

Urn (1) (~, t) = 0, 

i. e . ,  e x p r e s s i o n  (21) m a y  be wr i t t en  in the f o r m  

r T)-=0. 

Therefore, the expression obtained, (18), satisfies 
the corresponding original equation (i). Proceeding 
similarly, it may be verified that T2(~ ~ 7) is a solution 

of (2). 
The r e su l t s  of the n u m e r i c a l  ca lcu la t ion  of e x p r e s -  

s ions  (18) and (19) fo r  a copper  rod  cooled along a 
g e n e r a t o r  a r e  p r e s e n t e d  in F ig .  1. 

If r e m o v a l  of m a t e r i a l  p r o c e e d s  f r o m  the end of the 
rod,  while the re  is no hea t  flux th rough  the moving  end 
boundary, then the equations of heat conduction in the 

system of coordinates ~ = x - u% moving along with 
the thermally insulated boundary, are written as fol- 

lows: 

OTx O~T~ -t- U DT1 , oc > . ~ > a ,  z >  0; (22) 
0~ = " ~ 0 ~  ' ~ -  

OT2 2~02T2 ~ + 2qa~ 
a ~  - a .  o ~ -  + u _ ~  RZ,  ' 

a > ~ > O ,  x > O ;  (23) 

Ta(~, x)l~_o = T~ (~, x)l~=o = 0; (24) 

T,(~, x)l~=| = O, OT~ (~, ~) '~=0 a ~ = o; (25) 

T1 (~, "[)l~=a = T~ (~, z)1~=~, 

aT~(~,a~ x) l~=~_ aT:(~,a~ ~) ~=:" (26) 
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F ig .  1. T e m p e r a t u r e  of the rod  with a) u = 2" 10 .2 
and b) 8- 10 -2 m / s e c :  1) for  r =  0.01 sec ;  2) 0.05; 
3) 0.1; 4) 0.3; 5, 6) s t e a d y  t e m p e r a t u r e  p r o f i l e s  with 
r r e s p e c t i v e l y  1.0 and 0.3 s ec  (T in ~ X in m). 

Applying a Lap lace  t r a n s f o r m a t i o n  With r e s p e c t  to 
the v a r i a b l e  r to the s y s t e m  (22), (23), and to the 
bounda ry  and con tac t  condi t ions  (25), {26), we obta in  
for  the c o r r e s p o n d i n g  t r a n s f o r m s  the e x p r e s s i o n s  

u d~(~, ~) ~(~ ,  s) 
+ a~ d~ a~ = 0 '  (27) 

d~f~(~, =) 

d=T=(Ls) + u 

d g~ a~ 
dT= ([, s) sT, (~, s) = 2q (28) 

d g a{ sR ~ ' 

T~(~, s)[t==| = 0 ,  dT=(~,d~ s) ~=0 = 0, (29) 

T,(~, s)l~=. = ~ ( g ,  s)l~=~,, 

dT~ (~, s) ~=. dT2 ([, s) ] 
d~ d~ ~=o" (30) 

The me thod  of so lu t ion  of the equa t ions  ob ta ined  is 
s i m i l a r  to tha t  e x a m i n e d  above.  

The f ina l  e x p r e s s i o n s  fo r  t e m p e r a t u r e  TI(~, r) and 
T2((, r) have  the fo l lowing f o r m :  

TI([, ~) = - - f f -~- j  erfc ~ + 
2al 7/ 0 2al ] 

V 

- - e x p  ~ erfc + dO, (31) 
2all/O 2al ] 

R X 0 2a~ ~/~ 2al ] 

( ~ + a  u~[]]dOj_ 2qa~ , . (32)  

If the in i t i a l  r o d  t e m p e r a t u r e  is d i f f e ren t  f r o m  z e r o ,  
then  for  Tl(~, r) and T2(~, r) we m u s t  u n d e r s t a n d  TI(~,  
r) - T O and T2((, r) - T 0, r e s p e c t i v e l y .  

It is e a s y  to v e r i f y  tha t  T,(~, T) and (T2(~, r) s a t i s f y  
the  o r i g i n a l  equa t ions  (22), (23), and the in i t i a l  (24), 
b o u n d a r y  (25), and con tac t  (26) cond i t ions .  

The r e s u l t s  of n u m e r i c a l  ca lcuIa t ton  for  a copper  
rod  h e a t e d  along a g e n e r a t o r  a r e  p r e s e n t e d  in F ig .  2. 
Solut ions for  s i m i l a r  p r o b l e m s  with a p la te  may  be 
ob ta ined  by r e p l a c i n g  the rod  r a d i u s  R by the p la te  
t h i ckness  5 in e x p r e s s i o n s  (18), (19), (31), and (32). 
N u m e r i c a l  ca lcu la t ions  we re  c a r r i e d  out fo r  the f o l -  
lowing o r ig ina l  data :  R = 0 . 5 . 1 0 - a m ,  T o = 293 ~ K, a = 
= 10 -2m,  u = 2- 10 -2 and 8 . 1 0  -z m / s e c ,  a~ = 0 . 97 . 10  -4 
m 2 / s e c ,  Tf =1353  ~ K , X = 3 . 6 � 9  ~ q = T 8 0 "  
�9 104 W / m  2. 

If the hea t  f luxes  on the rod  a r e  r e a l i z e d  by convec -  
t ion with hea t  t r a n s f e r  coef f ic ien t  c~ = 4.0 �9 102 W/m% 
~ and if the t e m p e r a t u r e  To~ of the su r round ing  

m e d i u m  is 2273 ~ K, then,  a s s u m i n g  neg l ig ib le  v a r i a -  
t ion with t ime  of the  t e m p e r a t u r e  d rop  T~ - T2(~, r), 
it  may  be a s s u m e d  in (31) and (32) tha t  q = ~ [T~ - 
- W2(~, r)] ~ o~(Too - To) ~ 80.0.104 W / m  2. 

The g r e a t e s t  dev ia t ion  of the quant i ty  Too - T 2 (~, r) 
f r o m  the in i t i a l  t e m p e r a t u r e  drop  Too - To, as  may  
be seen  f r o m  F ig .  2, is 5% and 20% at  ve loc i t i e s  of 
8 . 1 0  -2 and 2 . 1 0  .2 m / s e c ,  r e s p e c t i v e l y .  
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Fig .  2. T e m p e r a t u r e  of the rod  with a) u = 2.10 .2 
and b) 8.-10 .2 m/sec . '  1) fo r  r = 0.1 see ;  2) 0.2; 3) 
0.4; 4) 0.8; 5, 6) s t e ady  t e m p e r a t u r e  p r o f i l e s  with 

T of 2.0 and 0�9 s e e ,  r e s p e c t i v e l y � 9  

NOTATION 

Ti(g , r)-temperature of thermally insulated part of rod; T 2 (g, T)-- 
temperature of rod at section stripped of thermal insulation; q-heat  
flux on unit lateral surface of rod; ~- thermal  diffusivity; k--thermal 
conductivity; a--coefficient of heat transfer from surrounding medium 
to rod; To-init ial  temperature of rod; T~-temperature of surrounding 
medium; R--radius of rod; a-length of part of rod free from thermal 
insulation ; u-ra te  of displacement of boundary; Tf-fusion tempera- 
ture of rod. 
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